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ABSTRACT. First order conditions are given which are necessary
for a commutative regular ring to have a prime integrally closed extension.
If the ring is countable these conditions are also sufficient,

In [8] an example was given of a commutative regular ring with no prime
model extension to a commutative integrally closed regular ring. In this pa-
per we give (in §2) first order conditions which are necessary for a commuta-
tive regular ring, R, to have a prime extension to an integrally closed regu-
lar ring. In the case that R is countable these conditions are also sufficient
$3). They are, however, not sufficient in the case that R is uncountable $4).

In [1] and [5] (see also [6] and [9]) it was shown that the theory KETQ'
of integrally closed commutative regular rings without minimal (£ 0) idem-
potents is the model completion of the theory of commutative regular rings,
Kege In §5 we show that a model of Kcp has a prime extension to a model
of Kﬁ (the theory of integrally closed commutative regular rings) if and
only if it has a prime extension to a model of K-;-k.

1. Preliminaries. A commutative ring R with unit is called regular (in
the sense of von Neumann) if R satisfies Vx3y (x2y = x). B R is the Boolean
algebra of idempotents of R. The operations of Bp are ey Ue, =¢, +e, -
eje, and e, Ne, =e e,. Sy isthe maximal ideal space of R. It is well
known that if R is regular and commutative then S, is the Stone space of
Bp. In a natural way R is a ring of functions on Sp. (R 3 a — a(-) defined
by a(s)=a+ s in R/s, for s € S, any maximal ideal of R. If R is regular
then R/s is a field.) It will be intuitively helpful to think of commutative
regular rings as rings of functions in this way. If R is a commutative regular
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ring and e (£ 0) is an idempotent of R then e is a {0, 1} function on Sp.
There is a one-to-one correspondence between clopen subsets of Sy, and
idempotents of R given by e € R correspond to {s € Sple(s)=1}=E,. Ve
say that a relation among elements of R holds on idempotent e if for every
s € E_ the relation is true mod s. We say that a relation holds at a point

s € Sp if it is true mod s in R/s.

K is the theory of commutative regular rings. K'C_E =Kep Y {every
monic polynomial has a root} is the theory of integrally closed regular rings.
K"C‘.R = Kop U {there are no'minimal (# 0) idempotents} and K-C-E =K— U
{there are no minimal (# 0) idempotents} (cf. [S]).

If T, and T,, T, CT,, are two theories and UET,,ACl T, then
we call Q a prime model extensxon of U to a model of T, if whenever g’
ET, and ¢: & — Q' is an embedding, there is an extension of ¢ to an
embeddmg of € into €', € is called minimal if XC Q' CC kT, 8" kT,
implies €' = Q. It is well known (cf. [7]) that if € is a minimal prime model
extension of ¥ to a model of T,, then every prime model extension of ¥ to
a model of T, is isomorphic with {.

IfRE KE r and R is a prime model extension of R to a model of KC—ti
then we call R an integral closure of R. It will be shown (Proposition 1)
that such an R is in fact minimal and hence is the unique integral closure
of R.

If p(x) € Rlx], R | Kcp, then p is called irreducible if p(x) is irredu-
cible at every point s € Sp, ize. if for every s € Sp there are no polynom-
ials p, and p, € R[x] such that p(x) = p,(x)p,(x) at s and degree(p,(x))
and degrce(pz(x)) >0 at s. p(x) is called unambiguous if, at each s € Sp,
p(x) is a power of a polynomial irreducible at s, of degree >0 at s. It is
shown in [5] that if ¢(a, ..., a,) is any quantifier free relation among 4,
..., @ €RE Kcp then there is an idempotent e € R such that ¢ holds at
every point of E, and fails at every point of Sg - E,=E,_,. Using this
is not hard to see that the Euclidean algorithm holds in R and hence that if
p(x), q(x) € R[x] then (p, gX*) =(b(x), q(x)), the g.c.d. of p(x) and gq(x), is
an element of R[x]. Using in addition the compactness of S it follows also
that if p(x)|q(x) at each point of § R then p(x)|q(x) in R[x]. In obtaining
(p, q) from p and g it may be necessary to consider different cases of
various coefficients vanishing or not on (a finite number of) different idempo-
tents. This will often be the case in the arguments which follow. We shall
not usually make explicit mention of this.

If k € N let ¢, be the idempotent of R on which k (= 1+ + 1)=
0 holds (and k # 0 holds on 1- e,). Let p(x) € R[x] be unambiguous and
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monic of degree n> 0. On 1 — e_,, by considering (p(x), p'(x) = by (0,(), pl'(x))
= pz(x) etc. one can find an irreducible polynomial ql(x) such that ql(x)lp(x)
on 1-e . This procedure may fail on e, ,, since at some point of e, We may
have p'(x) =0 (or p{ (%) = 0 etc.). We can, however, find a polynomial q,(x) on
e, such thatif s € Eenl and char(R/s) = k then, at s, p(x) = qz(x"’m), for
some m € N, and q9,(x) is unambiguous on e, . (Let e’: be the subidempo-
tent of e, on which p'(x) = 0. On e,: replace xk by x in p(x) to get ().
After a finite number of such steps one will obtain the required polynomial
g,(x).)

Let T = K. p U {every monic polynomial of degree n has an unambiguous
factor |n € N}

For terms used but not defined in this paper the reader is referred to [5]
or [7]. Good references for the algebra in this paper are [2] and [3].

2. Necessity. In this section we show that if R | K then for R to
have a prime extension, R, to a model of Kzg it is necessary that R |= T.
Ve also show that if such an R exists then it is unique, up to isomorphism.

Lemma 1. If R, R, kKcp, R CR, and a € R, satisfies p(a)=0 for
some p(x) € R[x] then every maximal ideal of R[a] is of the form (s U {g(a)}),
s € Sy with q(x)|p(x) at s and q(x) € R[x] irreducible at s.

’ ! k

Proof. Let s” € Splal. Then s'N R =s € Sp. At s let p(x) = p, ' (x)
«ee b, (x) with (p,, b;)= 1 at s. Then pll(a) oo p,,"(@)=0 so, since
s’ is maximal and hence prime, g(a) = p,(a) € s' for some i. We must show
that s U {g(a)} generates s'. Let a € s'. Then either ae = a for some idem=
potent e € s or a(l - e) € R[a] - R for every idempotent e € s. In the first
case a € s. In the second a(l - e) = a)(l - e) with degree(r(x)) > 0 at s.
Then r(a), g(a) € s’ so (r, g)X@) € s', so (r, @) £ 1 at s, i.e., g(x)|n(x) at
s and hence on some idempotent 1 — ¢, e € s. Hence a € (sU {g(a)}).

Lemma 2. If R, a are as above then R[a] | Kep-

Proof. Let S’ be the maximal ideal space of R[a] and let g(a) € R[al.
VWithout loss of generality we may assume that degree(q) < degree(p) = n.

Let u(x) = (p(x), q"(x)) and let v(x) = p(x)/u(x). Then (v(x), q(x)) = 1
and p(x)|v(x)q"(x) so if y € s', g(a) ¢ y if and only if v(a) € y. Since
(9(x), v(x)) = 1 there exist polynomials w,(x), w,(x) such that q(x)wl(x) +
Ux)wy(x) = 1. Then g*(a)w,(a) = g(a) - g(a)(@)w,(a). But g(a)y(a)=0
in Rla] so g*(a)w (a) = q(a), i.e. Rlal k Kcp.

Let ¢: Ry —R, be an embedding and let R, | K.p and §; be the
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Stone space of R, (i = 1, 2). Define é*: S,— S, by d*(s"y=p"Ns"),
s'e S,. Then é* is a continuous mapping of S, onto S,. If s € S, we say
s splits in R, if @*~1(s) contains more than one point of S,

Lemma 3. (i) If R, a, p are as above with p irreducible at s then s
does not split in Rla] and if N is a neighborhood of s (id*=1(s)) in SR[a]
then there is a neighborhood M of s in Sp such that id*'l(M)C N. (id:

R — R[al.)

(ii) I[_-R- is a prime extension of R to a model of K—C"Ti thenno s € Sp

splits in R.

Proof. (i) The fact that s does not split in R[a] follows from the irre-
ducibility of p(x) at s by Lemma 1. Let N be clopen in § R[a]* Then N is
defined by some idempotent g(a) € R[a] by N=1{s' € Srla]lg(eXs "y=ol.
Hence p(x)|q(x) at s and hence in some neighborhood M of s. Clearly
id*= !y .

(ii) Let s € Sp. There isan R, K= with R C R, such that s does
not split in R;. R, can be obtained by repeatedly adjoining roots of poly-
nomials irreducible at s (more precisely (id*)"l(s)). Since R is prime over
R we have R d4, R & R,. Since s does not split in Ry, (¢ o id)*=1(s)
contains only one point of S, . So id*=1(s) contains only one point of Sk-.

Remark. If R CR are models of K g 2nd no point of Sp splits in R
then id* is a homeomorphism and hence B R= BE’ i.e. R and R have the
same idempotents.

Proposition 1. If R | K and R is a prime extension of R to a model
of KEE- then R is minimal and hence unique.

Proof. From the above remark R and R have the same idempotents.
Every element of R is algebraic over R, i.e. satisfies some p(x) =0 for
p(x) € R[x]. Suppose RCR, CR with R, |- K—. Let a € R satisfy p(a)=
0, p(x) € R[x]. Let p(x) =Tl(x - B,) in R,. Then at each point of SE =Sp

1
= Sp, @ equals one of the B;. Then there are idempotents e, € By = By

such that a = Ze,B,. Hence a € R, i.e. R, =R.

Lemma 4. If R |k K_.p, R ¥ T then there is a polynomial p(x) € R(x)
and a point s € Sp such that p(x) is irreducible at s but in every neighbor-
bood N of s p(x) is ambiguous.

Proof. Let p(x) be a monic polynomial of lowest degree not having an
unambiguous factor. Let X = {s € Sp| at s, p(x) is ambiguous]. It is clear
that X is open since if p(x) = p,(x)p,(x) with (p,(%), p,(x)) = 1 at s then
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this holds in some neighborhood of s. X cannot be closed. For if it were,
X would be compact and equal to E_ for some idempotent e. Using the com-
pactness of X we could factor p(x) = g(x)(x) on X (= Ee) with both g(x)
and r(x) having positive degree everywhere on X. Then at least one of ¢(x),
r(x), say g(x), would not have an unambiguous factor on X. There will be a
subidempotent e, of e on which g(x) is monic and does not have an unam-
biguous factor. Let q(x) have degree m on e;. Then p,(x) = q(x)e; +

(1 - el) does not have an unambiguous factor, is monic and is of lower
degree than p(x). This would contradict the way p(x) was chosen. Conse-
quently X - X £3. Let s € X - X.

Theorem 1. If Rk K.p and R T then R does not have a prime
extension to a model of K CR*

Proof. Let R, be a candidate for such an extension. Then by the re-
mark following Lemma 3, B, = B, and SR1 =Sp. Let s, p(x) be as in Lem-
ma 4. Since we are only interested in p(x) in a neighborhood of s we can
take p(x) to be monic. Let p(x) = H:.’=l(x - al.) in Rl' Let X=1{x¢€ SR|p
is ambiguous at s}. Then as in the proof of Lemma 4, X is open. Let X,
.+« X, _, be disjoint copies of X, say X, = ¢,(X), the ¢, homeomorphisms,
andlet S'=SU X,V ---UX _,. Ve define a topology on S’ by specifying
the basic neighborhood of points of S’. If s € X, a basic neighborhood for
s is any open subset of X containing s. Similarly if s € X.. If s € § - X,
a basic neighborhood of s is any open subset of § — X containing s.If s €
X - X the basic neighborhoods of s are of the form NU U?51¢, (NN X)
where N is a neighborhood of s in §.

It is clear that S’ is a totally disconnected compact Hausdorff space
containing S. All we have done is glued on n — 1 copies of X along the
boundary of X. R[al, Y 4 "] can be considered as a ring of functions on
S' as follows: If a € R[al, ey an] then a(s) is defined for s € S, if s €
Xi let a(s) = a(¢;‘1(s)). Let a’' be the following function on § !

a, on S,
’
a =
a,,, on Xi.
Consider R[a']. Since p is irreducible at s and p(a’) =0, s does not split
in R[a']. Also by Lemma 2, R[a'] |k Kp. By repeatedly adjoining roots of
polynomials which are irreducible at s we can find R, E K— with R, D

R[a'] and s not splitting in R,. Ve shall show that there 1s no embeddmg
¢ R — Rz' Suppose there were. qS(al), oo qS(an) are roots of p in Rz
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with p(x) = H:.’=l(x - qS(ai )) in Rz' a' is a root of p in R2 so there are
idempotents e; in R2 such that, on €, a' = ¢(ai) and UEe,=SR . Hence
in some neighborhood, N of s in SR2 ,a = é(a,), say. By Lelmma 3 there
is a neighborhood M of s in SR such that «;b*"l(M) CN. Let s, be a point
of M at which p is ambiguous, say p(x) = pl(x)pz(x), (pl(x), p,(x)) =1 at
s, and suppose py(2,)=0 at s, € SRI = Sp. Hence pl(¢(al))= 0 at each
point of qS*"l(sl). But at some point of ¢*~ (sy)s pz(a' ) =0 and hence
pl(a' ) £ 0. This contradiction shows that no such ¢ exists.

3. Sufficiency in the countable case. In this section we show that if
RET,R =R, then R has a prime extension to a model of Keg -

Lemma 5. If R | K.p and p(x) € Rlx] is unambiguous and Rla ] CR,
E Kcgp with p(a;)=0 in R, for i=1, 2 then R[all o R[a2].

Proof. Since p(x) is unambiguous Sp = S R[ al] =S r[ a2] and hence
R[al], R[aZ] are both rings of functions on Sp. The canonical mapping
taking a, — a, gives an isomorphism at each point, s € S, and hence gives
an isomorphism of R[al] and Ra,].

Lemma 6. If R T and p(x) € R[x] is unambiguous and p(a) =0 then
Rla] ET. (R[a]JCR' k K= ")

Proof. We must prove that if g(x) is a polynomial in R[a]lx] then ¢
has an unambiguous factor over R[a]. Let g = g(a, x) and let ql(x) =
H:.’=1 q(a;, x). (The a, are distinct roots of p in some extension, R'of Rla]
in which p splits. Since g, is symmetric in the o , g, is actually a poly-
nomial in R[x], since every symmetric polynomial of the a s is a polynomial
of the coefficients of p(x).) Let qz(x) be an unambiguous factor of ql(x) in
R[x] such that (q,, g) # 1 at any point s € S. We shall show that in R[a]
g9, can be factored as a product of unambiguous polynomials. This will give
the desired result for g,.

First we remark that we can take p and ¢, to be irreducible and separa-
ble. Forlet p_ and g_ be the irreducible separable polynomials correspon-
ding to ¢ and ¢, asin §1, and suppose that 2,(B) =0 and that q_ is a
product of unambiguous factors in R[B]. It is clear that g, is then a product
of unambiguous factors in R[B] and that these factors remain unambiguous in
in R[a]. (This follows at each point of S, from elementary theorems about
fields.)

Hence we must show that if p(x), q(x) € R[x] are irreducible and p(a)=
0 then in R[a], q(x) is a product of unambiguous (in fact irreducible) factors.
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Let p(x) be monic of degree » and ¢(x) monic of degree m. This may
involve considering different cases on different idempotents. This is no
problem since if e € R is an idempotent then R = eR @ (1 - €) R. Let

T(t, u, x) = I1 (" - ztia‘cr(i) - Zu:'ﬁll(i))

o€S ;VvES
n m

where the a.’s are distinct roots of p and the Bj’s distinct roots of ¢ and
S, is the symmetric group on n letters, S, the symmetric group on m letters
and the t; u; are new variables. T(t, u, x) is a polynomial over R since it
is symmetric in the a; and B,. . Let p=m!n! + 1, and let T(x) = [IT(t, u, x)
where the product is taken over all vectors t and u with entries from the set

{1, 2, ..., pl, if they are distinct. Recall that e, is the idempotent on which

b
2 =0 holds. On e, for p <p these elements will not be distinct, so we
must consider what happens on these idempotents separately. Let €,k be

the subidempotent of e p Oon which every coefficient of p(x) and q(x) belongs

to the finite field with p" elements (i.e. satisfies t# -t =0), On each €k
the lemma follows by considering a finite number of different cases, each of
which behaves just like a finite field. On [ = e, = Upkq.:.ep & there is a
coefficient a (of p(x) or q(x)) such that a, az, cesy a" are distinct at every
point of f. On this idempotent we can use this set of distinct elements in-
stead of {1, 2,..., ul.

Let T(x) = n(x)IIr,(x) be an unambiguous (in fact irreducible) factoring
of T with degree(r) > degree(ri) for all i. Let & be a root of 7. Since r
is unambiguous SR[S] =Sp. At each point s € Sgp» b(x) and g(x) split in
R[8]. This is clear since the degree [R[5]/s : R/s] will be the degree of the
splitting field F of p(x) and q(x) at s over R/s, and R[8)/s C F. Notice
that if w(8) is a root of p (or g) at s then w(d) is a root of p (or q) in
some neighborhood of s. Since Sp is compact we can find a, ), Bi ©) €
R[8] such that in R[8] p(x) = II’_,(x - a;(8)) and g(x) = I (x- B, (®).
The a; and B; are polynomials in 8. Consider the following sets

_ 2 -1 2 i
Vi=laj ..., al™, B,y B ..o, Bl

Each element of Vii is a linear (over R) combination of 1, 8, 82, ..., 8k~1

(k = degree r) which are linearly independent over R. Hence for each i, j
there is an idempotent e;; on which the set V. is linearly dependent over
R. e;; can be found as the set where suitable determinants vanish. On

e € B; satisfies an irreducible polynomial of degree j + 1 over

i,j+1 -
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R[a ]. Also € mal

1rreduc1b1e factors of q(x) over R[a ). This proves the lemma.

= 1. It is now easy to see that we can piece together

Theorem 2. If R | T and R = No then R has a prime extension to a
model of KEE

Proof. Let R = R[ail i< w] be such that aa satisfies an unambiguous
polynomial over R[il, <., ] and R K= . Since R is col:t_nable it is
clear that such an R exists by Lemma 6. Lemma 5 shows that R is prime
over R, since R[a,,..., a, ][al+l] is prime over Rla,, ..., a,].

Remark. We have actually proved a little more than Theorem 2. We ac-
tually have that if R |- T and {p,|i € 0} is a countable set of polynomials
in R[x] then there is a prime way to extend R to a model of K. in which
all the polynomials p,(x) split.

Theorems 1 and 2 together give the following result of [4].

Corollary 1. If R | K. and R= R, then R has a prime extension to
a model of K-C—ﬁ if and only if R | T.

In this countable case the necessity of T can be proved by using the
elimination of quantifiers for K= (in the language with an additional func-
tion symbol [ defined by Vx(x2/(x) = x A\ xf2(x) = {(x)), cf. [5]), and Ehren-
feucht’s theorem,

4. The uncountable case. In this section we give an example of an R |
T, R=2"° without a prime extension to a model of K— . Let Q denote the
algebraic closure of the rationals and let lx;| i <w} be algebraically inde-
pendent. Let F = Q(xl, %y, «+.) and let F be the algebraic closure of F.
Let R, = F® and R, be the subring of R; of all sequences which are con-
stant except on fxmte sets. There exxst 2N° sequences [: o = {x;| i <o},

a<?2 Ro such that if a £ B (a, B< 2 0) then range(f ) N range([ﬁ) is finite,
Let Ry = R,[f | a <2 X0] and let R be the smallest regular subring of R,
contammg R,. It is not hard to show that By = By (= all finite or cofmltc

subsets of w) and that R | T. Let R, be the subring of F® of all sequences
which are constant except on finite sets. R, is the prime extension of R,
to a model of KE:-R- . Let Ry C F* be a model of K-C—R containing R, with
Sg =S (= + 1). Ve shall construct a model R6 DR of KEE such that
there is no embedding of Ry = R, over R. This will show that R has no

6
prime extension to a model of K—E

Let {¢,| a <2 03 be all the distinct embeddings of R, into R, over R.
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Notice that if R, CR, and ¢: R, — R/ is an embedding and S, =S, then
¢ has at most one extension to an embedding Ry— R, sinceif a € R then
ae; € R, for each e, = (8 ),ew and ¢(a) is detetmmed by the ¢(ae ) For
each a < 2 Ro choose g, € F® such that q =/, and ¢ l(qa_) ¢ Ry (i.e.
there is no h € Rg -such that ¢,(he;) = q.e; Vi € w). Such aq,
exists since R s contams only countably many square roots of f,.

Let R, be an extension of Rz[an a<?2 o] to a model of K— with S, =
Sg- Suppose that ¢: R — R, were an embedding. Then ¢|R =¢, for6$ome
a. Let x2 = f, = (x = h Xx-h,) in R,. Let E, =1{s € sR6| B )Xs) = g,(s)}
and E, = Sp — E|. These must be clopen subsets of S, =S, corresponding
to idempotents e, and e,, say. But then g, =¢(h,)e, + B(hy)e, =

¢(b1el + bzez) which is a contradiction.

The reason that R has no prime extension to a model of KEE is that
there is too much interweaving among elements of R. It may be possible, by
excluding this kind of interweaving, to arrive at some quite general sufficient
condition for R | T to have a prime extension to a model of K-—R .

5. Prime extensions to models of KCR and K-— . In this section we
show that every model of K- has a prime extensmn to a model of K
and that if R |= K cr then R has a prime extension to a model of K— o if

R
and only if R has a prime extension to a model of KE‘IE .

Proposition 2. Let Rk K. then R has a prime extension to a model

of KCR'

Proof. Let X be the set of isolated points of S,. For each x € X let
C, be a copy of the Cantor set. Let S; be obtained from S, by replacing
each x € X by C_ (in the obvious way). R can be considered as a ring of
functions on S; (constant on each C ). Let B be the set of idempotents
corresponding to clopen subsets of C,. Let B= UxeXBx and let R* = R[B].
It is clear that RC R* | KzR. We must show that R* is prime over R. So
let ¢: R =R, E KCR' Let e, be the idempotent corresponding to x € X,
Observe that Bx is the unique countable atom free Boolean algebra. Hence
for each x € X there is a copy of B, say B' with ¢(e ) as largest element
(i.e. B, isa Boolean algebra of subxdempotents of ¢(e,) with (e, ) as 1),
Lee B'=U eXB Then ¢ extends naturally to an embedding of R* onto

X

$(R)IB'1CR,.

Proposition 3. If R | Kcp then R has a prime extension to a model of
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K%R if and only if R has a prime extension to a model of Kﬁ .

Proof. Proposition 2 shows that if R has a prime extension to a model
of K-—R then R has a prime extension to a model of K% . Conversely sup-
pose that R, is a prime extension to a model of Ka Let X CSp, be the
set of isolated points of Sp and let e  be the idempotent cortesponding to
x € X, Let v: R = R, be the embedding of Rin R, andlet ¥ € v = 1(x),
Observe that if x € Sy — X then x does not split in R, since we can con-
struct a model R, of K-— containing R in which x does not split by first
constructing R* as in Proposmon 2 and then extending R* to a model of
K"ﬁ in which x does not split. Define R as a ring of functions on Sp
as follows: for each a € R let @(x) = a(v*'l(x)) for x € Sp = X and a(x)
= a(x) for x € X; Rl is the ring of functions @ for a € R It is not hard
to see that R o R* (as constructed in Proposition 2). We omit the details.
Suppose that R CR |= K—. There is an embedding ¢ R, — R* since R,
is prime over R, The cotrespondence R 3 a-—al(e R1 R )—aqS(a) (€ R *)
—¢(a) € R defines an embedding of Rl into R. Hence 'Rl is the required
extension of R.

Remark. If R |= K. has a prime extension to a model of KC R (or Kﬁ)
then this prime extension is unique. If S, is not perfect then it is not minimal.

Proposition 3 combined with Theoerms 1 and 2 shows that for R |= K R
to have a prime extension to a model of K_R it is necessary that R T
and that if R = K, then this condition is also sufficient.
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